Radiative correction due to pair production in process of electron-positron annihilation are considered. The second order correction is treated according to the known complete result. Higher orders are estimated by means of leading log approximation and convolution procedure. Relation to exponentiation is discussed.
Introduction
The high statistics and accuracy of experimental measurements at LEP and SLC result in the high level of precision in definition of the Standard Model parameters (see Ref. [1] and references therein). In this situation effects of radiative corrections are of great importance.
One of particular contributions to the process of electron-positron annihilation is the initial state radiation of secondary pairs. In comparison with the photon radiation, it is relatively small, because it appears only starting from the O(α 2 ) order. Nevertheless, the total effect of pair production could reach several per-mill and should be taken into account in the data analysis.
The complete second order calculation for e + e − and µ + µ − pairs was performed in Ref. [2] . The contribution of hadronic and leptonic pairs (excluding electrons) was considered in paper [3] .
It was observed that the O(α 2 ) approximation is not enough to provide the desirable precision in the region close to the Z-peak. That is because of a very sharp peaked behaviour of the function, describing production of non-singlet soft pairs. So, one should consider higher orders. The first exponentiated formula for pair production was suggested in Ref. [4] . The process of one pair production was supplied by emission of arbitrary number of soft photons. This formula gives a good approximation for leading logarithmic corrections close to the Zpeak. But it does not include the important next-to-leading terms, and even the known third order leading logs are not reproduced completely.
Another important observation is that in the Z-peak region the size of sub-leading corrections is comparable with the leading ones. So, one has to go beyond the leading log approximation.
In Ref. [5] a phenomenological formula for simultaneous exponentiation of photonic and pair radiation was proposed. The correspondence of the exponentiated formula to the perturbative results was shown there for the case of real hard radiation. Nevertheless, the structure of the radiator function, suggested in [5] , does not allow to check the correspondence for soft and virtual part of the corrections analytically. In what follows we suggest an alternative treatment of the higher order corrections due to pair production.
Pair production in higher orders
Our aim is to calculate the radiative corrections to the process of electron-positron annihilation at LEP1/SLC, and LEP2 due to initial state real and virtual pair production. Here we are going to consider the radiative correction in the inclusive situation, where there is no any cut on the pair components, but the one on the s ′ quantity.
The main contribution to the radiative correction under consideration is coming from the electron pair production, because it is reinforced by powers of the large logarithm L e = ln(s/m 2 e ), while the corresponding leading logs for muons and hadrons are relatively small. It is well known, that there are two different mechanisms for electron-positron pair creation in our process: the singlet and non-singlet ones. The first one is absent for non-electron pairs.
The pair contribution to the corrected cross section is presented as the integral of the boosted Born cross section with the so-called pair radiator:
Here H ∆ represents the impact of virtual and soft pairs, ∆ is an auxiliary parameter (∆ ≪ 1); numerical results should not depend on its value. In our calculations the complete O(α 2 ) formula for the pair radiator (in the non-singlet channel) is taken from Ref. [2, 3] . The singlet channel contribution and the interference of the singlet and non-singlet channels are taken from Ref. [2] .
In the third order we proceed as follows. At first we look at the leading logarithmic contribution of electron pairs. By iteration [4, 6, 7] of the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi evolution equations we derived
where
is the singlet splitting function;
are the non-singlet splitting functions. The convolution of the singlet splitting function R s with the first order non-singlet one is known [6] :
The convolution operation is defined as usually:
But, as we learned at the O(α 2 ) level from the complete calculations, the contribution of the sub-leading correction in the region close the the Z-peak is very large (say, about one half of the leading one) contrary to the case of photon radiation. In order to account the most important part of the sub-leading corrections we consider the convolution (7) of the O(α 2 ) pair radiator with the ordinary O(α) photonic radiator, proportional to the P (1) splitting function. In this way we receive the main part of the O(α 3 ) leading logs, proportional to P (2) , and the sub-leading terms enhanced by ln
. Note that the convolution as well as exponentiation can not give the correct complete sub-leading formula. And, contrary to the case of pure photonic radiation, they are unable even to cover the full leading log result: the term with P (1) is not reproduced (this term has a small coefficient and no any ln(1 − z), so it is negligible numerically in our task). In fact the convolution gives a part of sub-leading terms coming from the kinematics, where both the pair and the photon are emitted collinearly, while there are other sources for the corrections, like, for instance, emission of a collinear pair and a large-angle photon. But we suppose, that the main terms with reinforcements are reproduced correctly, that follows from the general experience in leading log calculations. Note that the same background is under the exponentiation of such terms. For the case of pure photonic radiation this was checked by direct perturbative calculations.
In this way we received the expressions for the third order pair radiator. For the leptonic non-singlet pairs we have
The large logarithm L f = ln(s/m 2 f ) stands for different lepton flavours: f = e, µ, τ . The corresponding soft and virtual contribution is given by
The cancellation of the auxiliary parameter ∆ was shown analytically and checked numerically. The most significant contributions appear at the Z-peak, where the integral over z is practically limited by the Z-boson width: (z min , 1) → (1−Γ Z /M Z , 1). And therefore integrals from terms, like ln(1 − z)/(1 − z), are large. We checked that for real hard emission there is a agreement between the most important terms in H
Θ (z) and the corresponding terms in expansion of the exponentiated formula from Ref. [5] . Such a correspondence between the exponentiation and convolution procedures is well known also in the case of pure photonic radiation.
A similar expression was derived for the case of hadronic pairs: 
In contrast with Ref. [5] we extended the hadronic pair contribution to the third order dynamically, but not by a static coefficient. The leading logs, which were not reproduced by the convolution were supplied from Eq. (2). The third order contribution appeared to be not small numerically, it gives about one per mille correction at the Z-peak. So we have to look also at the fourth order. The corresponding contribution was estimated by means of the leading logs (non-singlet channel only):
At the Z-peak region only the term with the P (3) splitting function [6] is numerically important. It agrees with the corresponding term in the expansion of exponentiated formula in Ref. [5] . The size of the fourth order, which is estimated from the above formula for electron pairs, is relatively small (about 0.2 per mille). So, we can be less rigorous: in order to estimate the fourth order contribution from other kinds of pairs and the large sub-leading terms, we drop them simultaneously. That was checked in lower orders to be a reasonable approximation. So, in the O(α 4 ) we keep only the leading logarithmic formula (12) for non-singlet electron pairs.
Numerical results and discussion
In Table 1 we present the results for different contributions. The value of correction due to pairs is defined in respect to the cross section for annihilation into hadrons with pure photonic corrections taken into account. The cut-off on both pair and photonic corrections is equal: z min = 0.1 and s ′ > 0.1 · s (the cut on s ′ is defined in CA3-mode, see details in Ref. [1] ). In Table 2 we present a comparison with the corresponding results obtained in other approaches. The numbers produced by ZFITTER v.6.20 [8] have options ISPP=1 and ISPP=-1, the latter is marked in the Table by a star. For the column " [4] " we used the exponentiated formula from the paper, kept only the non-singlet channel, added second order sub-leading corrections and hadronic pairs (in the same way, as described above). The discrepancy in this case seems to originate in an improper reproduction of the third order correction by the exponentiation. The last two columns were calculated by using the exponentiated formula of Ref. [5] . In the first of these columns we kept the coefficient 0.7 before the O(α 2 ) contribution of hadronic pairs [3] . In the last column we drop the coefficient and added the third order contribution (10, 11) . The coefficient 0.7 works good for accounting simultaneous emission of hadronic pairs and photons only on the top and on the left wing of the Z-peak; at LEP2 energies it has no sense, of course. As could be seen from Table 1 , the hadronic pair contribu-tion is rather large, and we suggest to take into account its convolution with photon emission dynamically, instead of the static coefficient. Certainly, that is an approximation, which is to be taken into account to derive the resulting uncertainty. As could be seen from Table 2 , the contribution of singlet pair production becomes important only for small values of z min . In data analysis at LEP1, such events are supposed [9] to be extracted from the data together with the two-photon process [10] e + e − → e + e − + hadrons. We underline, that the procedure should be accurate and well understood, because in fact the events with singlet pairs and multiperiferical production have quite different signatures in the detector. At LEP2 energies the contribution of singlet pairs becomes really important, if the returning to the Z-peak is allowed (for z min < ∼ 0.25). The large contribution is coming from the peculiar 1/z term in function R from Eq. (3). Note that this function is multiplied by the kernel cross section which does also contain z −1 . In this way the second order correction due to collinear emission of singlet pairs can give several percent. This did not happen at LEP1, because the kernel cross section outside the Z-peak is relatively small. The difference between the column "non-singlet" and the last one " [5] * " is coming just from the difference of the perturbative and exponentiated treatment of higher order leptonic pair corrections. Note, that the difference is less on the right wing of the Z-peak, where the real radiation is dominant, because it provides returning to the peak. For real radiation we expanded the exponentiated formula and saw an agreement in the main terms. On the other side of the peak (and on the top) the virtual and soft corrections are dominant, because any real hard radiation leads to a huge reduction of the kernel cross section in Eq. (1) . In this case we have to compare the soft+virtual part of our radiator H ∆ with the integral
where ρ(z) is the exponentiated formula [5] , and ρ γ (z) is the pure photonic exponentiated radiator [11] . The latter is in perfect agreement with the perturbative results both in the hard and soft+virtual regions, while the formula with simultaneous exponentiations of photonic and pair radiation has a very peculiar structure for z → 1, and so Eq. (13) can be hardly expanded in a series in α to compare with the perturbative results. The problem is seen in the region of very soft photons (z → 1) below the threshold of pair production, where the part of the exponentiated formula, which describes pairs, still represents a sharp dependence on z-value, instead of giving a constant coefficient from virtual pairs. The described approach to pair corrections is going to become an option of the ZFITTER code [8] . That will improve the correspondent analysis of experimental data, especially for the energies on the right wing of the peak, where the old treatment of pairs in the code is not good enough. The possibility to include the singlet pairs allows to improve the study of returning to the Z-peak at LEP2.
To estimate the uncertainty of our results we look at the relative size of different contributions and at the comparison with the exponentiated formulae. To our mind the main indefiniteness is coming from the sub-sub-leading terms of the third order, which can not be received neither by convolution nor by exponentiation. Another sources of the uncertainty are the treatment of the hadronic pairs and the fourth order correction. Our rough estimate is 0.2 per-mill for LEP1/SLC energies and LEP2 without returning to the Z-peak. For the returning to the peak at LEP2 we estimate the uncertainty to be at the level of 1 per-mill.
